The Lax-Friedrichs (LxF) method [2, 3, 4 ] is a basic method for the solution of hyperbolic partial differential equations (PDEs). Its use is limited because its order is only one, but it is easy to program, applicable to general PDEs, and has good qualitative properties because it is monotone. The LxF method is often used to show the effects of dissipation, but it is not actually a dissipative method, a point made by Strikwerda [3,. The amplification factor |g(θ)| is 1 for θ = π, so the highest frequency oscillation on the mesh is not damped at all and other high frequencies are weakly damped. Example 7.8.3 of [4] provides a concrete example. At the conclusion of his illuminating discussion of the example, Thomas writes "And, finally, the appearance of the highly oscillatory mode is a part of the Lax-Friedrichs scheme. There is no easy way to get rid of it." In this note we describe an easy way to do exactly that.
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The solution u(x, t) of a PDE is approximated on a mesh with constant increments ∆x in space and ∆t in time: v n m ≈ u(m∆x, n∆t). For the one-way wave equation u t + au x = 0, the LxF method is
The numerical solution converges as the increments go to zero if
The key observation is that the approximations v n+1 j with odd indices j are computed using only approximations v n i with even indices i and vice versa. This kind of decoupling can be troublesome with the leapfrog method where one remedy suggested is to compute approximations on only one of the two sets of mesh points. We suggest this for LxF, too, but find it more natural to view the resulting scheme as analogous to Richtmyer's two-step Lax-Wendroff method. That method computes v and a method that we call the two-step LxF method. With the assistance of Maple [1] it is easy enough to establish the delightfully simple result that when (2) holds, the magnitude of the amplification factor for the two-step LxF method is
Comparing this expression to the standard definition of a dissipative method [3, p. 100] shows that if (aλ) 2 < 1, the two-step LxF method is dissipative of order 2. The usual LxF method is most dissipative for the middle frequencies. Besides the important advantage of damping high frequencies, the two-step LxF method also has the advantage of damping low to middle frequencies less than the usual method. This is illustrated by a plot of the magnitudes of the amplification factors for aλ = 1/2. 
